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The application of radiation diffuse scattering to the calculation of
phase diagrams of F.C.C. substitutional alloys
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Institute for Metal Physics, N.A.S. of the Ukraine, 36 Academician Vernadsky Blvd., UA-03680 Kyiv-142, UkraineAbstract
By using quantitative information about the radiation diffuse-scattering intensity of the disordered f.c.c. substitutional alloy
Me01-cMe00c (c—concentration) the Fourier component, w

kð Þ, of mixing energies of Me0 and Me00 atoms may be estimated. We have
to use the measurement data of the diffuse-scattering intensities at the corresponding reciprocal-space points k of the disordered
phase and then determine the parameter w

(k). The statistical thermodynamics of the non-ideal solid solution is determined by these
energy parameters {w

(k)}. Therefore, one can obtain the configuration free energy of an alloy, F=U-TS (U—internal energy, S—
entropy), and then determine its fundamental thermodynamic characteristics, including not only its phase diagram, but also the
concentration-dependent order–disorder transformation temperature, temperature and concentration long-range order parameter
dependences, chemical activity, heat capacity etc. Some thermodynamic properties are calculated within the framework of the
statistical-thermodynamic approach for f.c.c.-Ni–Fe alloy. The diffuse-scattering intensity values are taken from data in the
literature.
# 2003 Elsevier Ltd. All rights reserved.Keywords: B. Crystallography; E. Phase diagram prediction (including CALPHAD)1. Introduction
The method to consider the interatomic long-range
interactions in the statistical theory of solid solutions
was proposed by Khachaturyan [1–4]. Even in the long-
range interactions all the thermodynamical functions
can be evaluated in the self-consistent field approxima-
tion if we know just a few energetic parameters—w

(k),
which are the Fourier transforms of the interchange
energies (‘mixing’ energies), w(r), taken in the non-
equivalent points [4–7];
w

kð Þ ¼
X
r
w rð Þ eikr; ð1Þ
here r=R–R0 (R, R0—crystal-lattice sites vectors), the
reciprocal space vectors k are related to the positions
of fundamental (k=0) and superstructure
(k=k1,k2,. . .,ks,. . .,kM) reciprocal-lattice sites (in the
first Brillouin zone) of the ‘star’, s, of wave vectors (M—number of sublattices formed during the ordering). The
sum in Eq. (1) is taken over all vector differences R–R0
of crystal lattice.
The number of the energy parameters w

kð Þ is deter-
mined by the structure of the ordered phase. For
instance, in the self-consistent field approximation, the
statistical thermodynamics of an f.c.c. Ni–Fe alloy
[variation of w

rkð Þ with a number of co-ordination shell
l, at different annealing temperatures for this alloy, is
represented in Fig. 1] are completely determined by two
energy parameters: w

k1ð Þ and w 0ð Þ, where k1=2pa3*
and k2=0 are the wave vectors corresponding to the
(001) and (000) reciprocal-lattice points of such an
alloy, respectively; a3* is the basis vector of the reci-
procal lattice in the [001] direction. Thus, all the inter-
change energies in the arbitrary-range interaction
model are contained in two energy parameters w

k1ð Þ
and w

0ð Þ.
Quantitative information about the radiation diffuse-
scattering intensity, Tdiff(q), measured at a point q,
which is disposed at a distance k from 2pB—nearest
reciprocal-space site (B—reciprocal-lattice vector) of the
disordered f.c.c. substitutional alloy Me01-cMe00c (c—
concentration) at the absolute temperature T, may be0966-9795/$ - see front matter # 2003 Elsevier Ltd. All rights reserved.
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used to estimate the Fourier component, w

kð Þ, of ‘mix-
ing’ energies of Me0 and Me00 atoms [4,5]:
Idiff qð Þ / D c 1 cð Þ
1þ c 1 cð Þw kð Þ= kBTð Þ
; ð2Þ
where D is normalizing factor and kB is the Boltzmanm
constant. Thus, we have an unique possibility of direct
experimental determination of energy parameters w

kð Þ
of a system. We have to use the measurement data of
the diffuse-scattering intensities at the corresponding
reciprocal-space points k of the disordered phase and
then determine the parameter w

kð Þ by using Eq. (2). As
was mentioned above, the statistical thermodynamics of
the non-ideal solid solution is determined by these
energy parameters {w

kð Þ}.2. Model
In the self-consistent field approximation, the con-
figuration free energy of the binary alloy is [4,5]
Fconf ¼ Uconf  TSconf ; ð3Þ
where
Uconf ¼ 1
2
X
R
X
R0
w R  R0ð ÞP Rð ÞP R0ð Þ ð4Þis the configuration internal energy,
Sconf ¼ kB
X
R
P Rð ÞlnP Rð Þ 1 P Rð Þ½  ln 1 P Rð Þ½  
ð5Þ
is the configuration entropy. The function P(R) (P(R0))
in Eqs. (4) and (5) is the occupation probability offinding an atom of the definite kind (for example a Fe
atom) on the site R (R0) of the f.c.c. lattice.
Using the Khachaturyan method we can represent the
occupation probabilities for Fe atoms of superstructure
L12-type in the form of a superposition of several static
concentration waves:
P Rð Þ ¼ cFe þ 
4
 exp i2a1  R
 þ exp i2a2  R þ exp i2a3  R
ð6Þwhere Z is the long-range order parameter and a1, a

2, a

3
are the basis vectors of the reciprocal lattice in [100],
[010], [001] directions.
By substitution of Eq. (6) into Eqs. (4) and (5) one
can obtain an expression for the configuration internal
energy,
Uconf ¼ N
2
w

0ð Þc2Fe þ
3
16
2w

k1ð Þ
 	
; ð7Þ
where N is the total number of the f.c.c. lattice sites, and
the configuration entropy is
Sconf ð Þ ¼  kBN
4
n
3 cFe  
4
 
ln cFe  
4
 
þ 3 1 cFe þ 
4
 
ln 1 cFe þ 
4
 
þ cFe þ 3
4

 
ln cFe þ 3
4

 
þ 1 cFe  3
4

 
ln 1 cFe  3
4

 o
: ð8Þ
Eqs. (3), (7) and (8) lead to the following:
Fconf
N
¼ 1
2
w

0ð Þc2Fe þ
3
16
2w

k1ð Þ
 	
þ kBT
4
n
3 cFe  
4
 
ln cFe  
4
 
þ 3 1 cFe þ 
4
 
ln 1 cFe þ 
4
 
þ cFe þ 3
4

 
ln cFe þ 3
4

 
þ 1 cFe  3
4

 
ln 1 cFe  3
4

 o
: ð9Þ
The presence of magnetism in Ni–Fe alloys essentially
complicates the analysis of this system. Expression for
the total ‘mixing’ energy, w(r)=w(RR), isFig. 1. Variation of ‘mixing’ energy w(r) with number of co-ordina-
tion shell l at different annealing temperatures for f.c.c-Ni–Fe alloy
(within the approximation w(r) r¼0j =0 and without taking into
account atomic size mismatch effects) [7].1320 V.A. Tatarenko, T.M. Radchenko / Intermetallics 11 (2003) 1319–1326
;
w R  R0ð Þ ¼ wprm R  R0ð Þ þ JFeFe R  R0ð Þs2Fe2Fe
þ JNiNi R  R0ð Þs2Ni2Ni
 2JFeNi R  R0ð ÞsFesNiFeNi ð10aÞ
in the real space, or
w

kð Þ ¼ wprm kð Þ þ J

FeFe kð Þs2Fe2Fe þ J

NiNi kð Þs2Ni2Ni
 2J

FeNi kð ÞsFesNiFeNi ð10bÞ
in the reciprocal space, where wprm(RR0) is the ‘mix-
ing’ energy in ‘paramagnetic’ condition, Jab(RR) is the
exchange energy (a,b=Fe,Ni), sFe and sNi are the total
spins of Fe and Ni atoms respectively, sFe and sNi are the
relative magnetizations of Fe and Ni atoms respectively,
w

prm(k) is the Fourier-component of ‘mixing’ energy in
‘paramagnetic’ condition, and J

 kð Þ ¼
P
rJ rð Þ eikr is
the Fourier-component of exchange energy.
So the total ‘configuration-dependent’ free energy
F=FWfconf+Fmagn=UTS (Fmagn—magnetic free energy,
U—total ‘configuration-dependent’ internal energy, S—
total ‘configuration-dependent’ entropy) for Ni3Fe alloy is
as follows (see also [4, 8–11] and their references):
F
N
¼ 1
2
h
w

prm 0ð Þ 1 cNið Þ2þJ

FeFe 0ð Þc2Fe2Fes2Fe
þ J

NiNi 0ð Þ 1 cFeð Þ22Nis2Ni
þ 2J

FeNi 0ð ÞcFe 1 cFeð ÞFesFeNisNi þ 3
16
2

w

prm k1ð Þ þ J

FeFe k1ð Þ2Fes2Fe
þ J

NiNi k1ð Þ2Nis2Ni  2J

FeNi k1ð ÞFeNisFesNi
i
þ kBT
4
h
3 1 cFe þ 
4
 
1n 1 cFe þ 
4
 
þ 3 cFe  
4
 
1n

cFe  
4

þ 1 cFe  3
4

 
1n 1 cFe  3
4

 
þ cFe þ 3
4

 
1n cFe þ 3
4

 i
 kBT 1 cFeð Þ
h
1n sh

1þ 1
2sNi
 
yNi Nið Þ
 1n sh 1
2sNi
yNi Nið Þ
 
 NiyNi Nið Þ
i
 kBTcFe1n sh 1þ 1
2sFe
 
yFe Feð Þ

 1n sh
 1
2sFe
yFe Feð Þ

 FeyFe Feð Þ
i
; ð11Þ
here y ¼ sHeffkBT , where Heff=gmBGsa (g—Lande fac-
tor, mB—Bohr magneton, G—coefficient of Weis ‘mole-
cular’ field).Eq. (11) and conditions @F/@Z=0, @F/@sFe=0,
@F/@sNi=0 lead to the following transcendental equations:
ln
cFe  
4
 
1 cFe  3
4

 
cFe þ 3
4

 
1 cFe þ 
4
 
¼ 
kBT
h
w

prm k1ð Þ þ J

FeFe k1ð Þ2Fes2Fe
þ J

NiNi k1ð Þ2Nis2Ni
 2J

FeNi k1ð ÞFeNisFesNi
i
;
Ni ¼ BsNi

 1
1 cFeð ÞkBT
n
J

NiNi 0ð Þ
1 cFeð Þ2s2NiNiþ
J

FeNi 0ð ÞcFe 1 cFeð ÞsFesNiFe
þ 3
16
2
h
J

NiNi k1ð Þs2NiNi  J

FeNi k1ð ÞsFesNiFe
io
Fe ¼ BsFe

 1
cFekBT

J

FeFe

0

cWfFes
2
FeFe
þ J

FeNi 0ð ÞcFe 1 cFeð ÞsFesNiNi
þ 3
16
2 J

FeFe k1ð Þs2FeFe  J

FeNi k1ð ÞsFesNiNi
h i
; ð12Þ
here B^sa is the Brillouin function, which is equal [9,10]
to
Bs yð Þ ¼ 1þ
1
2s
 
cth 1þ 1
2s
 
y
 
 1
2s
cth
1
2s
y
 
: ð13Þ
Relative magnetization may be defined as
 ¼ Bs
sHeff
kBT
 
: ð14Þ
Eq. (12) lets us calculate the long-range order para-
meter Z and relative magnetizations sFe and sNi, cor-
responding to the temperature T and composition c (for
example, concentration cFe). Substituting these para-
meters, Z, sFe and sNi, into Eq. (11), we can obtain the
dependence of the free energy F on temperature and
concentration and consequently can construct the equi-
librium diagram.
Previously mentioned Eq. (2) may be used to estimate
the Fourier components, w

kð Þ, of ‘mixing’ energies.
However, it is necessary to mean that energy parameters
w

k1ð Þ and w 0ð Þ are not constants in a ferromagnetic
state. Except temperature-dependent (implicitly) con-
tribution w

prm(k), they contain additive components
dependent on temperature and composition of alloy by
way of squares of magnetisation. To exclude theseV.A. Tatarenko, T.M. Radchenko / Intermetallics 11 (2003) 1319–1326 1321
additive components, we have to measure the intensity
of the diffuse scattering of radiation (X-ray or thermal
neutrons) only in the paramagnetic region of the equili-
brium diagram (at temperature T>TC, where TC is the
Curie temperature).3. Calculation of ‘mixing’ energy, order–disorder tran-
sition temperature and critical parameters of alloy
In a mean field approximation, the value T/Idiff (001)
is a linear in T; so the expression for diffuse scattering
intensity is [12]
T
Idiff 001ð Þ ¼
T
C0
þ c 1 cð Þw

001ð Þ
C0kB
where the normalization constant C0 is calculated in
order to ensure that [12]
ð
w

kð Þlk ¼0 and C0 ¼
ð
dk
Idiff kð Þ

1
2ð Þ3=a1  a2  a3
 
= or D ¼ 1 5; 7; 8½ :Value of w

(k1)/kB for f.c.c.-
62Ni0.765Fe0.235 was easily
estimated by the using experimental results of [12]. It is
w

(k1)/kB=4218 K, that is w(k1)=0.86 eV.
The disorder to order phase transition for Ni3Fe alloy
is transition of the 1st order. It means that Kurnakov
temperature TK can be obtained from Eq. (12) and the
following condition [4]: N1DF D;TKð Þ ¼ 0 or
DF D;TKð Þ
N
¼ 1
N
n
F D;TKð ÞF 0;TKð Þ
o
¼ 1
2
3
16
D2w

k1ð Þþ
þ kBTK
4
3wfcFe  D
4
 
ln cFe  D
4
 
þ 3 1 cFe þ D
4
 
ln 1 cFe þ D
4
 
þ cFe þ 3
4
D
 
ln cFe þ 3
4
D
 
þ 1 cFe  3
4
D
 
ln 1 cFe  3
4
D
 
wf
 kBTK cFelncFe þ 1 cFeð Þln 1 cFeð Þ

:

ð15ÞFig. 2. Calculated theoretical dependence of long-range order parameter jump, #, of L12-type superstructure on Fe content, cFe, at corresponding
Kurnakov temperatures for f.c.c.-Ni–Fe alloy.1322 V.A. Tatarenko, T.M. Radchenko / Intermetallics 11 (2003) 1319–1326
Thus, to obtain the jump of the long-range order para-
meter of L12-type superstructure we have to use
numerical computing to solve the equation
N
2
3
16
Dln
cFe  D
4
 
1 cFe  3
4
D
 
cNi þ 3
4
D
 
1 cFe þ D
4
 
þN
4

3 cFe  D
4
 
ln cFe  D
4
 
þ 3 1 cFe þ D
4
 
ln 1 cFe þ D
4
 
þ cFe þ 3
4
D
 
ln cFe þ 3
4
D
 
þ 1 cFe  3
4
D
 
ln 1 cFe  3
4
D
 
N cFelncFe þ 1 cFeð Þln 1 cFeð Þð Þ ¼ 0 ð16Þ
and to substitute its solution (that is dependence
#(cFe)) to the following expression for the Kurnakov
temperature obtaining:K ¼ D
ln
cFe  D
4
 
1 cFe  3
4
D
 
cFe þ 3
4
D
 
1 cFe þ D
4
 
ð17Þ
where K ¼ kBTK
w

k1ð Þ
.
Dependencies #(cFe) and K(cFe) are represented on
Figs. 2 and 3. The comparatively low value of the jump
of the long-range order parameter at Tk (viz
#Z(cFe)40,47) for the Ni3Fe superstructure is evidence
of the stability of this ordered phase in respect to the
short-range ordered phase and in some way justifies the
neglect of the correlation effects in the spatial locations
of atoms of components (in the vicinity of Kurnakov
temperature at least).
To obtain concentration Kurnakov (absolute) tem-
perature dependence we have to know the concen-Fig. 3. Calculated theoretical dependence of module of reduced Kurnakov temperature, K, of superstructure L12-type on Fe content, cFe, for f.c.c.-
Ni–Fe alloy.V.A. Tatarenko, T.M. Radchenko / Intermetallics 11 (2003) 1319–1326 1323
tration dependence of magnetizations (for example
from Eq. (12)) at the same Kurnakov temperature.
That is to say, it is necessary to also solve two
transcendental combined equations relative to magneti-
zations, sNi and sFe, at O`Eˆ(cNi):Ni ¼ BsNi 
 
 1
1 cFeð ÞkB
h
w

prm kð Þ þ JFeFe kð Þ2Fes2Fe
þ J

NiNi kð Þ2Nis2Ni
 2J

FeNi kð ÞFeNisFesNi
i
K cNið Þ

n
J

NiNi 0ð Þ 1 cFeð Þ2s2NiNi
þ J

FeNi 0ð ÞcFe 1 cFeð ÞsFesNiFe
þ 3
16
2K cNið Þ J

NiNi kð Þs2NiNi  J

FeNi kð ÞsFesNiFe
h io!
ð18aÞFe ¼ BsFe 
 
 1
cFekB
h
w

prm kð Þ þ J

FeFe kð Þ2Fes2Fe
þ J

NiNi kð Þ2Nis2Ni
 2J

FeNi kð ÞFeNisFesNi
i
K cNið Þ
 J

FeFe 0ð ÞcFes2FeFe þ J

FeNi

0
 
cFe 1 cFeð ÞsFesNiNi
þ 3
16
2K cFeð Þ
h
J

FeFe kð Þs2FeFe  J

FeNi kð ÞsFesNiNi
i!
:
ð18bÞ
From Eq. (18a,b) (within the framework of the approx-
imation of J

 kð Þ   13 J

0 0ð Þ (a, b=Fe, Ni), which is
correct for the Fourier-components corresponding to k
points (100)-type of the f.c.c.-lattice reciprocal space, as
well as within the framework of the assumption of
sFe=3 and sNi=1) we can calculate the dependencies
sFe(cFe), sNi(cFe) and then construct graphs to deter-
mine an absolute value of the Kurnakov temperatureFig. 4. Calculated theoretical dependence of Kurnakov temperature, TK, of superstructure L12-type on Fe content, cFe, for f.c.c.-Ni–Fe alloy (taking
into consideration influence of long-range ferromagnetic order).1324 V.A. Tatarenko, T.M. Radchenko / Intermetallics 11 (2003) 1319–1326
TK cFeð Þ ¼
n
w

prm k1ð Þ þ J

FeFe k1ð Þs2Fe2Fe
þ J

NiNi k1ð Þs2Ni2Ni
 2J

FeNi k1ð ÞsFesNiFeNi
o
K cFeð Þ=k ð19Þ
and an average ‘atomic’ magnetic moment of alloy at
this Kurnakov temperature,
 ¼ cFesFeFe þ 1 cFeð ÞsNiNi; ð20Þ
which are represented on Figs. 4 and 5.
In the end, one can compare, for example, the graph
on Fig. 4 with corresponding experimental data relative
to Kurnakov temperatures for superstructure of the
L12-type, with numerical and experimental data for
corresponding K (see [13–18] and Fig. 6), and also with
analytical results of preliminary asymptotic high-tem-
perature expansion relative to K(cFe) [6]. The coherence
is satisfactory.4. Conclusions
The method of radiation diffuse scattering by single
crystals of disordered alloys can be successfully applied for
construction of equilibrium diagrams, for determining
dependences of long-range order parameters on tempera-
ture and concentration, for calculating chemical activities,
heat capacity, temperatures of the order–disorder transi-
tion etc. The advantages of the method are as follows:
 (i) the opportunity of taking into account the
arbitrary-range interatomic interactions and not
only the nearest and next-nearest neighbour
interactions;
 (ii) the consistent account of the magnetism to
free energy within the framework of the self-
consistent field approximation;
 (iii) it is not necessary to use fitting parameters,
which are usually used to tie together evaluated
and observed results (see, for example, [7,19,20]);
 (iv) within the framework of the present
approach one can easily take into account the
correlation effects.Fig. 5. Concentration dependence of an average ‘atomic’ magnetic moment,, of Ni–Fe alloy (with L12-type superstructure) at TK(cFe).V.A. Tatarenko, T.M. Radchenko / Intermetallics 11 (2003) 1319–1326 1325
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